Abstract. An orthogonal bundle over a curve has an isotropic Segre invariant determined by the maximal degree of a Lagrangian subbundle. This invariant and the induced stratifications on moduli spaces of orthogonal bundles, were studied for bundles of even rank in [4] . In this paper, we obtain analogous results for bundles of odd rank. We obtain a sharp upper bound on the isotropic Segre invariant. We show the irreducibility of the induced strata on the moduli spaces of orthogonal bundles of odd rank, and compute their dimensions. As a key ingredient of the proofs, we study the correspondence between Lagrangian subbundles of orthogonal bundles of even and odd rank.
Introduction
The aim of this paper is to study Lagrangian subbundles of orthogonal bundles of odd rank over an algebraic curve. The results in this paper, together with those in the earlier paper [4] on orthogonal bundles of even rank, will provide a complete picture on the Segre-type stratifications corresponding to Lagrangian subbundles on moduli spaces of orthogonal bundles.
Let X be a smooth irreducible algebraic curve of genus g ≥ 2 over C. A vector bundle V is called orthogonal if there is a nondegenerate symmetric bilinear form ω : V ⊗ V → O X . Equivalently, V is orthogonal if it admits an isomorphism ω : V ∼ − → V * which is symmetric in the sense that ω coincides with its transpose t ω : (V * ) * → V * . A subbundle E of V is called isotropic if E x is an isotropic subspace of V x for each x ∈ X. An isotropic subbundle of V may have rank at most rk V 2
, and is called Lagrangian if it has rank equal to rk V 2
. The case when rk V is even was studied in [4] , where the terminology "isotropic subbundle of half rank" was used instead of "Lagrangian subbundle".
Generalizing the Segre invariant for vector bundles of rank 2 (or ruled surfaces), we define t(V ) := −2 max{deg E : E a Lagrangian subbundle of V }.
The coefficient 2 is inserted here to match the Segre invariant for vector bundles of rank 2. A Lagrangian subbundle E of V is called a maximal Lagrangian subbundle if t(V ) = −2 deg E. The invariant t(V ) define natural stratifications on the moduli spaces of orthogonal bundles, which are the main object of study in this paper.
The analogous situation for vector bundles is well understood: The upper bound on the Segre invariant of a vector bundle was computed by Hirschowitz [5] (see also [2] ). Furthermore, the stratification on the moduli space U X (r, d) of semistable vector bundles of rank r and degree d was studied in Brambila-Paz-Lange [1] and Russo-Teixidor i Bigas [16] . The cases of symplectic bundles and orthogonal bundles of even rank were studied by the present authors in [3, 4] .
To state our main results, let us discuss the moduli space of orthogonal bundles over X of odd rank 2n + 1. We exploit the relation between principal SO 2n+1 Cbundles and orthogonal bundles. By Serman [18] , the forgetful map from the moduli space of semistable principal SO 2n+1 -bundles to that of SL 2n+1 -bundles is a (closed) embedding. The image is identified with the orthogonal locus M O X (2n + 1) inside the moduli space SU X (2n + 1, O X ) of semistable vector bundles over X of rank 2n + 1 with trivial determinant.
The moduli space M O X (2n + 1) has two connected components, distinguished by the second Stiefel-Whitney class w 2 (V ) ∈ H 2 (X, Z/2Z). Serre [17] showed that
where κ ∈ Pic g−1 (X) is any theta-characteristic. We will denote the two components by M O X (2n + 1)
± , where M O X (2n + 1) + is the component containing the trivial orthogonal bundle. The tangent space of M O X (2n + 1) at V is given by H 1 (X, ∧ 2 V ). Hence dim M O X (2n + 1) ± = n(2n + 1)(g − 1). Firstly, we prove the following: Theorem 3.13.
(1) Let E 1 and E 1 be Lagrangian subbundles of an orthogonal bundle V . Then deg E 1 and deg E 2 have the same parity. This easily follows from the corresponding result for M O X (2n) which was proven in [4, Theorem 1.2], but we give another proof in Proposition 2.3 using the relationship between the two components of the orthogonal Grassmannian OG(n, 2n).
Holla and Narasimhan [7] defined an invariant s(V ; P ) more generally for arbitrary principal G-bundles V with respect to a fixed parabolic subgroup P . When G = O 2n+1 and P is the maximal parabolic subgroup preserving a fixed isotropic subspace of dimension n, one computes that s(V ; P ) = 1 2 (n − 1) · t(V ). The upper bound on s(V ; P ) given in [7] can then be interpreted as t(V ) ≤ n(n + 1) n − 1 g.
We obtain a sharp upper bound on t(V ), as follows:
Corollary 5.8. Any orthogonal bundle V of rank 2n + 1 satisfies t(V ) ≤ (n + 1)(g − 1) + 3.
This bound is sharp in the sense that the two even numbers t with (n + 1)(g − 1) ≤ t ≤ (n + 1)(g − 1) + 3
correspond to the values of t(V ) for general V ∈ M O X (2n + 1) ± .
It is noteworthy that in most cases, this bound is strictly greater than Hirschowitz' bound on the Segre invariant of subbundles of vector bundles. This means that a general orthogonal bundle of rank 2n+1 has the property that no maximal subbundle of rank n is Lagrangian. For details, see Remark 5.10. A similar phenomenon for certain orthogonal bundles of even rank is described in [4, Remark 5.5 ], but the difference of the bounds is smaller compared to the odd rank case. This is a contrast to the case of symplectic bundles: From [4, Theorem 1.1 (1) ] it follows that the degree of a maximal Lagrangian subbundle of a general symplectic bundle of rank 2n coincides with the degree of a maximal rank n subbundle of a general vector bundle of rank 2n and degree zero.
As mentioned, the invariant t(V ) induces a stratification on M O X (2n + 1) ± . For each even number t with 0 < t ≤ (n + 1)(g − 1) + 3, we define
Since the invariant t(V ) is semicontinuous, these subloci are constructible sets. By Theorem 3.13, the loci M O X (2n + 1; t 1 ) and M O X (2n + 1; t 2 ) belong to the same component if and only if t 1 ≡ t 2 mod 4. We show:
Theorem 5.6. For each even number t with 0 < t ≤ (n + 1)(g − 1) + 3, the stratum M O X (2n + 1; t) is nonempty and irreducible. For t ≤ (n + 1)(g − 1), it has dimension
For each stratum, we prove the following result on the number of maximal Lagrangian subbundles:
, then V has a unique maximal Lagrangian subbundle. If t = (n + 1)(g − 1) (resp., t > (n + 1)(g − 1)) is even, V has finitely many (resp., infinitely many) maximal Lagrangian subbundles.
We also compute the dimension of the space of Lagrangian subbundles of a general V ∈ M O X (2n + 1) when it is positive.
All these results parallel the previous results in [4] for orthogonal bundles of even rank. The proofs, however, are rather different. In the even rank case, the isotropic Segre invariant is determined by a geometric criterion [4, §2.4] analogous to Lange-Narasimhan [10, Proposition 1.1]. It seems more difficult to give such a criterion directly in the odd rank case. Our strategy, instead, is as follows: As stated in Lemma 3.10, there is a natural correspondence between Lagrangian subspaces of the orthogonal vector spaces C 2n+1 and C 2n+2 . We describe a similar correspondence between Lagrangian subbundles of an orthogonal bundle of rank 2n + 1 and a certain orthogonal bundle of rank 2n + 2 (Lemma 3.11). Several statements can then be deduced from the even rank case, including a modified geometric condition on the Segre invariant (Lemma 5.4), which suffices to prove the required statements. This paper is organized as follows: In §2, we quote some of the results on orthogonal bundles of even rank which are relevant in our context. In §3, orthogonal extensions of odd rank are discussed, and some interplays between even and odd rank cases are explained. In §4, parameter spaces of orthogonal extensions are constructed, and it is shown that a general point thereof represents a stable orthogonal bundle. Hence there is a (rational) moduli map from the parameter space of orthogonal extensions to the moduli space M O X (2n + 1). In §5, we study the condition under which an orthogonal bundle admits two Lagrangian subbundles with a prescribed degree condition. This shows that the moduli map sends each parameter space to a dense subset of a Segre stratum. In §6, the general fibers of this moduli map are studied and the dimension of the space of maximal Lagrangian subbundles of a general orthogonal bundle is computed.
Orthogonal bundles of even rank
In this section, we quote some results from [4] and [6] on orthogonal bundles of even rank, which are relevant for our later discussion.
Notation: Throughout, X denotes a complex projective smooth curve of genus g ≥ 2. If 0 → E → V → F → 0 is an extension of vector bundles over X, we denote the class of V in H 1 (X, Hom(F, E)) by [V ].
2.1. Orthogonal extensions of even rank. Let F be a Lagrangian subbundle of an orthogonal bundle V of rank 2n. Since V /F ∼ = (F ⊥ ) * = F * , the bundle V fits into the exact sequence 0 → F → V → F * → 0. 
2.2. Lifting criterion for quotient line bundles. The following result, which is a generalization of Lange-Narasimhan [10, Proposition 1.1], will be used in checking generality conditions. In [10] , the case of rank two extensions was discussed, for which PE ∼ = X.
Notation: If Z ⊆ P N is a quasi-projective variety, then Sec k Z denotes the secant variety given by the closure of the union of linear spaces spanned by k general points of Z. 
It is easy to check that H ⊥ /H is an orthogonal bundle of rank 2(n − r) and F/H andF /H are Lagrangian subbundles, yielding a diagram for some torsion sheaf τ :
(1) Let F andF be Lagrangian subbundles of V . Then deg F and degF have the same parity. (2) The Stiefel-Whitney class w 2 (V ) is trivial (resp., nontrivial) if and only if the Lagrangian subbundles of V have even degree (resp., odd degree).
− ) if and only if its Lagrangian subbundles have even degree (resp., odd degree).
Proof. (2) and (3) are direct consequences of (1). The proof of (1) in [4, Theorem 1.2] was based on the observation that general two Lagrangian subbundles are related by elementary transformations associated to an antisymmetric principal part, which is of even degree. Here we will give another argument.
Firstly, recall the fact that the orthogonal Grassmannian OG(n, 2n) consists of two disjoint irreducible components such that two Lagrangian subspaces L and L ′ belong to the same component if and only if dim(L ∩ L ′ ) ≡ n mod 2 (see Lemma 3.10 (2)). The Lagrangian subbundle F yields a family of Lagrangian subspaces F x of V x . Therefore, if F x0 andF x0 belong to the same component for some x 0 ∈ X, then so do F x andF x for every x ∈ X.
Let H be the locally free part of F 1 ∩ F 2 inside V with rk H = r ≥ 0. By the above discussion, dim(F x ∩F x ) ≡ r mod 2 for every x ∈ X. Therefore, the torsion subsheaf of τ supported at x is of even degree for each x ∈ X. Therefore, deg τ is even. This shows that deg F and degF have the same parity.
Corollary 2.4. Suppose that rk(F/H) = 1 in (2.2). Then τ = 0 and F ∩F = H, and
Proof. Under the assumption, we have
for each x ∈ X. Therefore, dim(F x ∩F x ) = n − 1 for each x ∈ X. This implies that τ = 0 and F ∩F = H. Since all orthogonal bundles of rank 2 are direct sums of the form M ⊕ M −1 where M is a line bundle, the middle sequence in (2.2) splits.
Let p H denote the surjection
induced by the quotient map F → F/H. We recall the following results on this situation: Proposition 2.5. Let F be a general stable bundle of degree −f < 0. Let Gr(2, F ) be the Grassmannian bundle over X of 2-dimensional subspaces of the fibers of F .
(1) ([4, Lemma 2.3]) There is a canonical rational map φ a : Gr(2, F ) 
Remark 2.6. We mention some special cases: When H = 0, the statement yields a criterion for isotropic liftings of elementary transformations of
It was overlooked in [4] that the statement (2) is meaningless when rk (F/H) = 1. But it is not difficult to show that this case does not arise for a general F . The corresponding case for orthogonal bundles of odd rank will be discussed in the last part of the proof of Proposition 5.5. 3. Orthogonal extensions 3.1. Orthogonal bundles of odd rank as iterated extensions. The goal of this section is to to find a criterion similar to that in Proposition 2.1 for constructing orthogonal bundles of odd rank as extensions.
Upper bound on the invariant t(V ).
Let E be any subbundle of an orthogonal bundle V . Then we obtain the sequence
The isotropy of E is by definition equivalent to E ⊆ E ⊥ .
Proof. From the sequence (3.1) with det V = O X , we see that det E ⊥ = det E. Since E ⊥ /E is a line bundle, it must be isomorphic to O X .
Henceforth, we consider an arbitrary extension of vector bundles
For any extension V of F * by E, consider the diagram
If V has an orthogonal structure with respect to which E is Lagrangian, then F ∼ = E ⊥ , and the induced isomorphism ω : V → V * fits into the above diagram to yield commutative squares. Furthermore, the induced mapω : O X → O X described by the Snake Lemma is a (symmetric) isomorphism. 
Proof. By a standard cohomological argument, there is a map ω extending j and t j if and only if
It is well known that [
. It remains to show that such an ω may be assumed to be symmetric. If ω exists, it is given with respect to a suitable open covering {U i } by a cochain of matrices of the form
where λ is a scalar (possibly zero). If U i and U j are open sets in the covering and f ij is the transition function for V over U i ∩ U j , then the cochain {ω i } satisfies the cocycle condition
Taking transposes, we obtain t ω j f
Adding (3.5) and (3.6), we see that
is a global section of Sym 2 V * . This is clearly a symmetric map extending j and t j, as required.
It is straightforward to check that
the latter holding because rk E = rk F − 1. We obtain the associated diagram of cohomology groups:
Suppose that E is a stable bundle of negative degree. Then j * and the two maps from H 1 (X, ∧ 2 E) are injective.
Proof. As E is stable of negative degree, H 0 (X, E) = 0 and the map
is injective, so is the map
Finally, note that ∂ is the map whose image corresponds to the extension class (3.2) of F in H 1 (X, E). Therefore ∂ is nonzero, hence injective, and so
We write C j for the image of
corresponds to the class of the extension 0
, and the above diagram arises from j. Proof. By Proposition 3.2, this locus is identified with the intersection
This coincides with the kernel of the composed map
. By commutativity of (3.7), this kernel is precisely ρ −1 (C j ).
Henceforth we write Π j := ρ −1 (C j ). We have an exact sequence of vector spaces
Thus we have a criterion for the existence of a symmetric map ω : V → V * . Now we want to know when such a map is an isomorphism.
Lemma 3.5. Let E be a stable bundle of negative degree, and consider an extension class [V ] ∈ Π j . Then the following statements are equivalent:
(
In other words, there is a map O X → V whose composition with V → F * coincides with the given map
As was seen in the proof of Lemma 3.3, we have h 0 (X, F ) = 0. It follows that
Now the map O X → F * lifts to V if and only if [V ] belongs to
By the Snake Lemma, we know Ker ω coincides with the kernel of the induced mapω : O X → O X in (3.3). Thus ω fails to be an isomorphism if and only ifω is zero, which is equivalent to the lifting of O X → F * to V . 
defines an orthogonal extension in the sense of Proposition 2.1. Hence V is an extension 0 → O X → V → V 0 → 0. However, if V 0 is semistable, then V is Sequivalent as a vector bundle to the orthogonal bundle V 0 ⊥ O X , which admits a nondegenerate symmetric form. If V 0 is stable as a vector bundle, then V 0 ⊥ O X is a stable orthogonal bundle by Ramanan [14] .
From the discussion in this section, we can conclude: Proposition 3.7. Let E be a stable bundle of rank n and negative degree. Let F be an extension of O X by E.
(1) An extension 0 → E → V → F * → 0 is induced by an orthogonal structure on V with respect to which E is Lagrangian, if and only if [V ] belongs to the complement of
is S-equivalent to a semistable orthogonal bundle.
In §4.3 we will discuss stability of such extensions.
3.2.
Alternative description of orthogonal extensions. In the previous subsection, orthogonal extensions were described as iterated extensions: start from a stable bundle E of rank n and degree < 0, choose an extension j ∈ H 1 (X, E) corresponding to a bundle F of rank n + 1, and then choose a class in Π j ⊂ H 1 (X, ∧ 2 F ). There is another way to describe the same extension, starting from F . In this subsection, we explain this alternative, which will be useful later.
For each positive integer e, let S ′ e be the Brill-Noether locus defined by
The following result is due to Sundaram [19] , with notations adapted to our situation:
Proposition 3.8. Suppose 0 < e ≤ (n + 1)(g − 1).
(1) The locus S ′ e is an irreducible variety of codimension (n + 1)(g − 1) − e + 1.
We write S e for the dense subset of S ′ e with h 0 (X, F * ) = 1. Note that any 
and Q = G/K. Now Q must be nonzero, for by stability of E we have 
This shows that a general extension F represented in H 1 (X, E) does not admit a destabilizing line subbundle. Now suppose both K and Q are nonzero. Write r := rk K. We have r < n, and in particular n ≥ 2. Since E is general, a dimension count (see for example Hirschowitz [5, Théorème 4.4]) shows that
.
Since e ≤ 1 2 (n + 1)(g − 1) and r ≥ 1, we have also n − r n + 1 e < r(n − r)(g − 1).
Combining this with (3.10), we obtain
and so deg(K) < − (r+1) n+1 e. Therefore,
Thus a general extension 0 → E → F → O X → 0 lies in S ′ e . To see that in fact it belongs to S e , consider the split extension E * ⊕ O X for a general E. Here
For general E, therefore, h 0 (X, E * ) = 0 and h 0 (X, F * ) = 1. This implies that h 0 (X, F * ) = 1 for a general extension F as above. Therefore, we conclude that F ∈ S e .
3.3.
Interplay between even rank and odd rank. Here we exploit and generalize some well-known facts on orthogonal Grassmannians. Let OG(n, 2n + 1) (resp., OG(n, 2n)) be the odd orthogonal Grassmannian (resp., even orthogonal Grassmannian) parameterizing Lagrangian subspaces of C 2n+1 (resp., C 2n ).
Lemma 3.10.
(1) The odd orthogonal Grassmannian OG(n, 2n + 1) is irreducible.
(2) The even orthogonal Grassmannian OG(n, 2n) consists of two disjoint irreducible components OG(n, 2n) 1 and OG(n, 2n) 2 of the same dimension. Two Lagrangian subspaces F and F ′ belong to the same component if and
There is a canonical isomorphism OG(n, 2n + 1) ∼ − → OG(n + 1, 2n + 2) i for i = 1, 2. (4) For E ∈ OG(n, 2n + 1), let F i ∈ OG(n + 1, 2n + 2) i be the Lagrangian subspace obtained via the above isomorphism. Then
The proofs of (1) and (2) can be found in Reid [15, §1] .
To prove (3), let W be an orthogonal vector space of dimension 2n + 2 and V an orthogonal subspace of dimension 2n + 1. Given F ∈ OG(n + 1, W) i , write E := F ∩ V. Then E is isotropic of dimension n, since the dimension of an isotropic subspace cannot exceed 1 2 dim V. It is easy to see that the assignment F → E yields a surjection OG(n + 1, W) i → OG(n, V). To show the injectivity, let F and F ′ be two Lagrangian subspaces of W in the same component, both containing E. By (2), we have n ≤ dim (F ∩ F ′ ) ≡ n + 1 mod 2, so F = F ′ . The first isomorphism of (4) is immediate from (3). The second isomorphism of (4) is a well-known fact on even orthogonal Grassmannians. Now let 0 → E → V → F * → 0 be an orthogonal extension of rank 2n + 1 as in Proposition 3.7. By Proposition 3.2, the class j * [V ] belongs to H 1 (X, ∧ 2 F ). In view of Proposition 2.1, we obtain an orthogonal extension 0
. Note that the F in this sequence is a new copy of F distinct from E ⊥ ⊂ V . Henceforth, we denote it F ′ for clarity. We obtain an exact diagram:
Statement (2) follows from the linear algebraic fact in Lemma 3.10 (3) and the (3): Suppose E is a Lagrangian subbundle of V . Consider a trivalization of W over an open subset U ⊆ X. By Lemma 3.10 (3), the bundle E| U can be completed to a Lagrangian subbundle of W | U in exactly two ways. Since dim X = 1, each such completion admits a unique extension to the whole of X. Therefore, the map G → G ∩ V is two-to-one. Remark 3.12. Given E j − → E ⊥ = F ⊂ V , the Lagrangian subbundles G ⊂ W satisfying G ∩ V = E may be realized as follows: One such G comes from the construction in Proposition 3.11 (1) . The other is the image of the first via the orthogonal automorphism of W = V ⊥ O X given by (v, λ) → (v, −λ).
We can now deduce a topological characterization of the two components of M O X (2n + 1), from the analogous one stated in Proposition 2.3 for bundles of even rank: Theorem 3.13.
(1) Let E 1 and E 1 be Lagrangian subbundles of an orthogonal bundle V ∈ M O X (2n + 1). Then deg E 1 and deg E 2 have the same parity.
(2) The bundle V belongs to M O X (2n + 1) + (resp., M O X (2n + 1) − ) if and only if its Lagrangian subbundles have even degree (resp., odd degree).
Proof. This follows from Proposition 2.3 and Proposition 3.11 (2) and (3).
We also obtain an upper bound on t(V ): Proposition 3.14. For any orthogonal bundle V of rank 2n + 1, we have t(V ) ≤ (n + 1)(g − 1) + 3.
Proof. Let W = V ⊥ O X . By Proposition 2.7, the bundle W has a Lagrangian subbundle F with −2 deg F ≤ (n + 1)(g − 1) + 3. By Proposition 3.11, the bundle E = F ∩ V is a Lagrangian subbundle of V with deg E = deg F . Hence we obtain the desired bound on t(V ).
In §5, we will show that this upper bound is sharp.
Parameter spaces of orthogonal extensions
4.1. Construction of the parameter space. Firstly, we construct parameter spaces for certain orthogonal extensions of the form
where E is a bundle of rank n and degree −e < 0 and F is an extension 0 → E j − → F → O X → 0. The parameter space will be obtained by deforming the space PΠ j obtained in the previous section in a suitable way.
Let U s X (n, −e) be the moduli space of stable bundles of rank n and degree −e. This is a quasiprojective irreducible variety of dimension n 2 (g − 1) + 1. −→Ũ e such that the fiber τ −1 (Ē) with ξ e (Ē) = E is isomorphic to the (projectivized) extension space PH 1 (X, E), and the fiber of π e at j ∈ PH 1 (X, E) is isomorphic to PΠ j . (2) There is a bundle V e over A e × X such that for each j ∈ PH 1 (X, E) and [V ] ∈ PΠ j , the restriction of V e to {[V ]}×X is isomorphic to the orthogonal bundle V . , there exists a finiteétale cover ξ e :Ũ e → U s X (n, −e) together with a bundle E →Ũ e × X, such that the restriction of E to {Ē} × X is isomorphic to the bundle E = ξ e (Ē). By a standard process with universal extensions, we find a fibration τ e : J e →Ũ e with fiber τ −1 e (Ē) = PH 1 (X, E), where E = ξ e (Ē). Furthermore, write p J : J e × X → J e and p X : J e × X → X for the projections. Over J e × X there is an exact sequence of bundles
Globalizing (3.7), we consider the sheaf
. By Lemma 3.3, the restriction of this kernel to each j ∈ J e is of constant dimension. Hence we obtain a vector bundle over J e whose fiber at j is Π j . We denote the corresponding projective bundle over J e by A e .
(2) The existence of the universal extension V e overS e × X follows from Lange [8, Corollary 4.5].
(3) By Lemma 3.3, we have dim PΠ j = h 1 (X, ∧ 2 E). Since E is stable of negative degree, h 1 (X, E) = e + n(g − 1) and h 1 (X, ∧ 2 E) = (n − 1)e + 1 2 n(n − 1)(g − 1). Thus dim A e is given by dimŨ e + dim PH 1 (X, E) + dim PΠ j = 1 2 n(3n + 1)(g − 1) + ne.
Rank 3 case.
Consider an orthogonal bundle V of rank 3. In this case, E is a line bundle and ∧ 2 E = 0. Therefore, Π j ∼ = C, corresponding to the extension class j ∈ H 1 (X, E). In other words, for each rank two extension 0 → E j → F → O X → 0, there is, up to isomorphism, a unique orthogonal bundle V containing a Lagrangian subbundle E with F = E ⊥ . The parameter space A e coincides with J e , which admits a fibration τ e : J e → Pic −e (X) with fiber τ −1
e (E) = PH 1 (X, E). On the other hand, A e is birational to S e ⊂ U X (2, −e) by Lemma 3.9. Note that dim A e = e + 2g − 2. From Mumford [12, p. 185] we recall the following statement: Lemma 4.2. Every orthogonal bundle V of rank 3 is of the form L ⊗ S 2 F , where L is a line bundle and F is a rank 2 bundle with det F ∼ = L * .
Proof. The bundle V := L ⊗ S 2 F is orthogonal, due to the symmetric isomorphism
Let V be an orthogonal bundle of rank 3 with a Lagrangian subbundle E and write F := E ⊥ . Tensoring the exact sequence
By the uniqueness discussed before the statement of the lemma, V is isomorphic to E * ⊗ S 2 F .
Stability of general bundles.
The space A e parameterizes those orthogonal bundles of rank 2n + 1 which admit Lagrangian subbundles of degree −e. By the universal property, there is a rational map α e : A e M O X (2n + 1). Our next step will be to show that a general point of A e corresponds to a stable orthogonal bundle. This will imply that the maps α e are defined on dense subsets. Proof. Firstly, we consider the case n = 1. Suppose V 0 is an orthogonal bundle of rank 3 and G ⊂ V 0 an isotropic line subbundle of nonnegative degree. From the sequence 0 → E → V 0 → F * → 0 and its dual sequence, we see that G is a subsheaf of both F * and E * . From the sequence
it follows that G ∼ = E * (−D) for some D of degree ≤ e, and that G lifts to a subsheaf of F * . By Proposition 2.2, we have [ t j] ∈ Sec e X for the embedded curve X ⊂ PH 1 (X, E). But since e < g − 1 by hypothesis, dim Sec e X ≤ 2e − 1 < e + g − 2 = dim PH 1 (X, E).
Thus a general extension class [ t j] yields a stable orthogonal bundle in Π j . Now suppose n ≥ 2. Let E ∈ U s X (n, −e) be general, and let 0 → E j − → F → O X → 0 be an extension. Let 0 → E →Ṽ 0 → E * → 0 be an extension whose class [Ṽ 0 ] is a general point of H 1 (X, ∧ 2 E). By Proposition 2.1, the bundle V 0 admits an orthogonal structure.
Consider now the orthogonal extension 0
. We obtain a diagram
O X O X By Lemma 3.5 and Remark 3.6, there is an exact sequence
where ω defines a degenerate symmetric form on V 0 (the pullback of the form onṼ 0 ). By Lemma 3.5, however, a generic deformation of V 0 in Π j admits an orthogonal structure.
Suppose there is an isotropic subbundle G of V 0 of nonnegative degree. Then we have a diagram
where G 1 is either zero or O X . Since [Ṽ 0 ] is general,Ṽ 0 is a stable orthogonal bundle by [4, Theorem 3.4] . If G 2 is nonzero, then it is isotropic inṼ 0 since G is isotropic in V 0 . Hence deg G = deg G 2 < 0. This shows that the only destabilizing subbundle of V 0 is O X . Now we deform V 0 in Π j to get a family {V λ } whose general member is an orthogonal bundle lying on A e . By semicontinuity, a generic deformation V λ of V 0 in Π j can possibly be destabilized only by a line bundle which is a deformation of O X ⊂ V 0 . Note that this at the same time yields a deformation of O X in F * . Such deformations are parameterized by
we have h 0 (X, E * ) = 0 for a general E ∈ U s X (n, −e). Thus O X does not deform nontrivially in F * . Since a general deformation V t does not have a lifting of O X ⊂ F * , we conclude that it is a stable orthogonal bundle in A e .
We remark that a general V ∈ A e is stable also for
2 ((n + 1)(g − 1) + 3), as will be shown in next section. We expect the same is true for larger values of e, but we do not require this for the present applications.
The Segre stratification
Suppose 1 ≤ e ≤ 1 2 ((n + 1)(g − 1) + 3), and let E ∈ U s X (n, −e) be general. Let 0 → E j − → F → O X → 0 be a general extension. The goal of this section is to show that for a general orthogonal extension V represented in Π j , the Lagrangian subbundle E is maximal in V . This will confirm that t(V ) = −2 · deg E.
Consider an orthogonal bundle V of rank 2n + 1 admitting two different Lagrangian subbundles E andẼ, with orthogonal complements F andF respectively. Let I and H be the locally free parts of E ∩Ẽ and F ∩F respectively.
Lemma 5.1. The subsheaf I ⊂ H is a subbundle of corank 1.
Proof. Since it suffices to give a fiberwise argument, we will regard E and F as vector spaces in the discussion below. We have
Thus if dim(E ∩Ẽ) = r, then dim(E +Ẽ) = 2n − r and dim(F ∩F ) = r + 1. 
Proof. As a consequence of Lemma 5.1, we obtain the following diagram for a torsion sheaf τ D associated to some effective divisor D: 
Recall now that H 1 (X, ∧ 2 F ) admits the filtration
We write p H for the restriction to Π j of the natural surjection p H :
Proof. It suffices to show that the restriction of p H to the subspace H 1 (X, ∧ 2 E) of Π j is surjective. By (5.1), we have a commutative diagram
where the composition
The statement follows by commutativity of the diagram. Now we will obtain a modification of Proposition 2.5 (2) . Let E be a general stable bundle of rank n and degree −e < 0. Let V be an orthogonal bundle of rank 2n + 1, admitting E as a Lagrangian subbundle, so that E ⊥ is an extension
Lemma 5.4. Suppose that V has another Lagrangian subbundleẼ of degree −ẽ withẼ ⊥ =F . As before, write I and H for the locally free parts of E ∩Ẽ and F ∩F respectively, and write rk I = r and deg H = −h.
(1) The image of the class j under the surjection H 1 (X, E) → H 1 (X, E/I) lies inside the affine cone of
In particular, when E andẼ intersect generically in zero, the above statements holds with deg I = 0 and r = 0. When n = 1, parts (1) and (2) hold with I = 0.
Proof. Statement (1) follows from a geometric interpretation of Corollary 5.2 by using Proposition 2.2. For the rest: By Proposition 3.11, the orthogonal bundle W = V ⊥ O X contains two Lagrangian subbundles F ′ andF ′ isomorphic to F andF respectively. We claim that F ′ ∩F ′ also has locally free part isomorphic to H in W . To see this, note that by Lemma 5.1 and the diagram (3.11) there exists a commutative diagram
Dualizing, we see that the Lagrangian subbundles F ′ andF ′ in W ∼ = W * also intersect in a copy of H. Statements (2) and (3) now follow from Proposition 2.5 (2). Now we can prove the following statement.
Proposition 5.5. Assume that E is general in U X (n, −e) and that F is a general extension of O X by E. For 0 < e < 1 2 (n + 1)(g − 1), a general orthogonal extension 0 → E → V → F * → 0 has no Lagrangian subbundle of degree ≥ −e other than E. Therefore, t(V ) = 2e and E is the unique maximal Lagrangian subbundle of V .
Proof. We will prove the proposition in the following way: Recall the double fibration A e πe −→ J e τ − →Ũ e described in Proposition 4.1. By Proposition 3.7, for fixed E ∈Ũ e mapping to E ∈ U X (n, −e), the fiber (τ e • π e ) −1 (Ē) parameterizes all orthogonal bundles V containing E as a Lagrangian subbundle. We will show that for general E, the locus of such V containing a Lagrangian subbundle of degree ≥ −e apart from the original E has positive codimension in (τ e • π e ) −1 (Ē).
Assume, then, that an orthogonal extension 0 → E → V → F * → 0 has another Lagrangian subbundleẼ of degree −ẽ ≥ −e. LetF , I and H be as in Lemma 5.4, with rk I = r and deg H = −h.
Firstly, suppose n = 1, so r = 0. By (5.1), we see that H = O X (−D) and d = h. By Lemma 5.4 (1), the class j ∈ PH 1 (X, E) lies inside Sec h X, where h ≤ 1 2 (e +ẽ) ≤ e. As e < g − 1, we have dim Sec h X ≤ 2e − 1 < e + g − 2 = dim PH 1 (X, E).
Thus a general j lies outside Sec h X in H 1 (X, E), and the unique orthogonal extension 0 → E → V → F * → 0 discussed in §4.2 has the unique maximal Lagrangian subbundle E. Now suppose n ≥ 2 and 0 ≤ r ≤ n − 2. To bound the dimension of those V containing such anẼ, we need to compute four dimensions. Firstly, by Lemma 5.4 (1), the class j varies inside an algebraic subset of dimension bounded by
We have dim Sec
Secondly, dim Gr(2, F/H) = 2(n − r − 2) + 1 and
(n − r)(n − r − 1) and deg(∧ 2 (F/H)) = −(n − r − 1)(e − h), we have
By Lemma 5.4 (3) , for fixed j, the classes [V ] vary in a locus of dimension (
Finally, the subbundle I of E varies in a Quot scheme whose dimension is h 0 (X, Hom(I, E/I)). By Laumon [9, Proposition 3.5] , since E is general, it is very stable. Thus by Lange-Newstead [11, Lemma 3.3] we have h 1 (X, Hom(I, E/I)) = 0 for all subbundles I ⊂ E. Thus we compute
We now compare the sum
with the dimension S 2 of the fiber (τ e • π e ) −1 (Ē). We have
Computing, we find that S 1 < S 2 if This is satisfied for r ≥ 0 by the hypothesis e < 1 2 (n + 1)(g − 1). Now we need only to deal with the case when r = n − 1 ≥ 1. Since E is general,
Combining with the inequality − deg I ≤ h ≤ e, we get (n− 1)(g − 1) ≤ e. From the hypothesis e < 1 2 (n + 1)(g − 1), we have n < 3. Thus it remains to consider the case when n = 2 and r = rk I = 1. In this case, we claim that given a general E, the extensions j ∈ H 1 (X, E) admitting a diagram of the form (5.1) are special. Indeed, from the previous computations, the dimension of the locus of such extensions is bounded by D 1 + D 4 , which is computed in this case as:
On the other hand, h 1 (X, E) = e + 2(g − 1). From the assumption e < 3 2 (g − 1), we get
This confirms the claim.
Now we consider the consequences of Proposition 5.5. By Proposition 4.3, for e < 1 2 (n + 1)(g − 1), a general point V ∈ A e represents a stable orthogonal bundle. As discussed in §4.3, there is a rational moduli map α e : A e M O X (2n + 1).
Theorem 5.6.
(1) For each even number t with 0 < t < (n + 1)(g − 1), the stratum M O X (2n + 1; t) is nonempty and irreducible of dimension equal to
Proof.
(1) For t = 2e in the range 0 < t < (n+1)(g−1), the stratum M O X (2n+1; t) is nonempty, by Proposition 5.5. It contains the image α e (A e ), which is irreducible. To show the irreducibility of M O X (2n + 1; t), we need to show that α e (A e ) is dense in M O X (2n + 1; t). Any bundle V 0 ∈ M O X (2n + 1; t) contains a maximal Lagrangian subbundle E 0 of degree −e, which might be unstable. Considering a versal deformation of E, we can find a one-parameter family {E λ } containing E 0 with general E λ being stable. Along this family, we can build a family of orthogonal bundles admitting E λ as maximal Lagrangian subbundles, using the parameter space in Proposition 4.1. Since a general orthogonal bundle in this family is represented in A e , the bundle V 0 ∈ M O X (2n + 1) lies on the closure of α e (A e ), as required. For t = 2e < (n + 1)(g − 1), the map α e is generically finite, by Proposition 5.5. Therefore, M O X (2n + 1; t) has the same dimension as A e . By the computation in Proposition 4.1 (3), this is (2) For t < (n + 1)(g−1) we have dim M O X (2n+1; t) < dim M O X (2n+1), while we know that t(V ) ≤ (n+1)(g−1)+3 by Proposition 3.14. Therefore, the two strata corresponding to even numbers in the range (n + 1)(g − 1) ≤ t ≤ (n + 1)(g − 1) + 3 must be nonempty and dense in the components M O X (2n + 1)
± .
Remark 5.7. In particular, the last statement shows a general bundle represented in either of the corresponding parameter spaces A e must be stable.
Corollary 5.8. For any orthogonal bundle V of rank 2n + 1, we have t(V ) ≤ (n + 1)(g − 1) + 3. This bound is sharp in the sense that the two even numbers t with (n + 1)(g − 1) ≤ t ≤ (n + 1)(g − 1) + 3 correspond to the values of t(V ) for a general V ∈ M O X (2n + 1) ± .
From the computation in Proposition 5.5 we now deduce a statement for generic orthogonal bundles of odd rank, analogous to Lange-Newstead [11, Theorem 2.3] for vector bundles and [4, Theorem 4.1 (3)] for symplectic bundles: Corollary 5.9. As before, write deg E = −e. Suppose that g ≥ 5 and
Then a general orthogonal extension 0 → E → V → F * → 0 admits no Lagrangian subbundle of degree ≥ −e intersecting E in generically positive rank.
Proof. We must exclude the lifting of anẼ of degree ≥ −e for which I = E ∩Ẽ has rank r ≥ 1. By (5.3), this would follow from
which is satisfied for all g ≥ 5.
Remark 5.10. According to Hirschowitz [5] (see also [2] ), every vector bundle V of rank 2n + 1 and degree 0 has a subbundle of rank n and degree −f , where
By direct computation, one can check that for n ≥ 1 and g ≥ 2, the bound in (5.4) is strictly smaller than 1 2 t(V ) for a general V ∈ M O X (2n + 1), except in the following cases:
(i) g = 2, n is odd and t(V ) = n + 1 (ii) g = 2, n is even and t(V ) = n + 2 (iii) g = 3, t(V ) = 2(n + 1) (iv) g = 4, n is odd and t(V ) = 3(n + 1) As mentioned in the introduction, this implies apart from in these cases, a general orthogonal bundle of rank 2n + 1 has the property that no maximal subbundle of rank n is Lagrangian.
We conclude this section with a result on the topology of the strata. We recall the following statement [4, Theorem 1.3 (2)] for orthogonal bundles of rank 2n + 2:
Proposition 5.11. For each t < (g − 1)(n + 1), the stratum M O X (2n + 2; t) is contained in the closure of M O X (2n + 2; t + 4). Using Proposition 3.11, we will now deduce an analogous statement for orthogonal bundles of odd rank. We define a map Ψ : M O X (2n + 1) → M O X (2n + 2) by Ψ(V ) = V ⊥ O X . This is clearly an injective morphism, and Ψ(V ) is a stable orthogonal bundle if V is stable.
Theorem 5.12. For each t < (g − 1)(n + 1), the stratum M O X (2n + 1; t) is contained in the closure of M O X (2n + 1; t + 4).
Proof. Let V ∈ M O X (2n + 1). By Proposition 3.11 (3) we see that V admits a maximal Lagrangian subbundle of degree −e if and only if V ⊥ O X admits a maximal Lagrangian subbundle of degree −e. Therefore,
for each t. Since all the spaces under consideration are constructible sets, we deduce from Proposition 5.11 that the stratum M O X (2n + 1; t) is contained in the closure of M O X (2n + 1; t + 4) for each t < (n + 1)(g − 1), as required.
Maximal Lagrangian subbundles
By Proposition 5.5, the points of a general fiber α −1 e (V ) in A e correspond to the maximal Lagrangian subbundles E ⊂ V which are stable as vector bundles. For t = 2e < (n + 1)(g − 1), we already know by Proposition 5.5 (1) that a general V ∈ M O X (2n + 1; t) has a unique maximal Lagrangian subbundle of degree −e. In this section we will compute the dimension of the space M (V ) of maximal Lagrangian subbundles for a general V ∈ M O X (2n + 1) with t(V ) ≥ (n + 1)(g − 1). We first observe: Proposition 6.1. Suppose E ⊂ V is a Lagrangian subbundle. Then the tangent space of M (V ) at E is isomorphic to H 0 (X, ∧ 2 (E ⊥ ) * ).
Proof. To give a Lagrangian subbundle E ⊂ V is equivalent to giving a global section σ : X → OG(n, V ) of the orthogonal Grassmannian bundle OG(n, V ) over X. A tangent vector to M (V ) at E, corresponding to an infinitesimal deformation of E in M (V ), is equivalent to a global section of the pullback by σ of the tangent bundle T OG(n,V ) . This is the bundle T → X with T x ∼ = T Ex OG(n, V x ). By Lemma 3.10 (4), we have
where W ∼ = V ⊥ O X and F ′ ⊂ W is a Lagrangian subbundle isomorphic as a vector bundle to E ⊥ ⊂ V . Therefore, the bundle T → X can be identified with
By the proposition, the dimension of a general fiber α −1 e (V ) is given by h 0 (X, ∧ 2 F * ), where F is general in S e ⊂ U X (n + 1, −e). Lemma 6.2. Let F be a general bundle in S e ⊂ U X (n + 1, −e). Then − 1) . Proof. Firstly, suppose that e ≤ 1 2 (n + 1)(g − 1), so that µ(∧ 2 F * ) ≤ g − 1. If F were general in U X (n + 1, −e), then we would have h 0 (X, ∧ 2 F * ) = 0 by the variant [3, Lemma A.1] of Hirschowitz' lemma. However, in this case F belongs to the locus S e ⊂ U X (n + 1, −e). Since S e is irreducible, it suffices to find one F ∈ S e satisfying h 0 (X, ∧ 2 F * ) = 0. We will do this for e = 1 2 (n + 1)(g − 1), since the lower degree cases are easier.
For n = 1, we need to find a rank 2 bundle F * of degree g − 1, so that h 0 (X, det F * ) = 0 and h 0 (X, F * ) > 0. Let L be a general line bundle of degree g − 1 with h 0 (X, L) = 0. Then a general extension 0 → O X → F * → L → 0 satisfies the requirements.
For n ≥ 2, consider a polystable bundle F * of the form G ⊕ H, where G ∈ U X (2, g − 1) and H ∈ U X n − 1, and we reduce to the case proven above. Theorem 6.3. Let V be a general orthogonal bundle in M O X (2n+1; t). If t < (n+ 1)(g − 1) then V has a unique maximal Lagrangian subbundle. If t = (n + 1)(g − 1) (resp. t > (n + 1)(g − 1)) is even, V has a finite (resp. infinite) number of maximal Lagrangian subbundles. 
